Computations of far-field ship waves, based on linear potential flow theory and the Hogner approximation, are reported for monohull ships and catamarans. Specifically, far-field ship waves are computed for six monohull ships at four Froude numbers F ≡ V/ √ gL = 0. 58 , 0.68, 0.86, 1.58 and for six catamarans with nondimensional hull spacing s ≡ S/L = 0. 25 at two Froude numbers F s ≡ V/ √ gS = 1 and 2.5. Here, g is the gravitational acceleration, V and L denote the ship speed and length, and S is the separation distance between the twin hulls of a catamaran. The computations show that, although the amplitudes of the waves created by a ship are strongly influenced by the shape of the ship hull, as well known, the ray angles where the largest waves are found are only weakly influenced by the hull shape and indeed are mostly a kinematic feature of the flow around a ship hull. An important practical consequence of this flow feature is that the apparent wake angle of general monohull ships or catamarans (with arbitrarily-shaped hulls) can be estimated, without computations, by means of simple analytical relations; these relations, obtained elsewhere via parametric computations, are given here. Moreover, the influence of the two parameters F s and s that largely determine the ray angles of the dominant waves created by a catamaran is illustrated via computations for three catamarans with hull spacings s = 0. 2, 0.35, 0.5 at four Froude numbers F s = 1 , 1.5, 2, 2.5. These computations confirm that the largest waves created by wide and/or fast catamarans are found at ray angles that only depend on F s (i.e. that do not depend on the hull spacing s) in agreement with an elementary analysis of lateral interference between the dominant waves created by the bows (or sterns) of the twin hulls of a catamaran. The dominant-waves ray angles predicted by the theory of wave-interference effects for monohull ships and catamarans are also compared with the observations of narrow Kelvin ship wakes reported by Rabaud and Moisy, and found to be consistent with these observations.
Introduction
The far-field waves created by a monohull ship of length L, or a catamaran with two identical hulls of length L separated by a lateral distance S, that advances at constant speed V along a straight path in calm water of large depth are considered. The waves created by a monohull ship or by a catamaran are observed from a Galilean frame of reference attached to the moving ship. The Z axis is vertical and points upward, and the undisturbed free surface is taken as the plane Z = 0. The X axis is chosen along the path of the ship, and points ated by the sources distributed over the hull surface therefore occurs. However, these wave-interference effects are ignored in the one-point wavemaker model considered by Kelvin.
The main result of Kelvin's analysis, given in every textbook on water waves and ship hydrodynamics, is that a ship creates transverse and divergent waves that exist inside a wedge with half angle
Moreover, Kelvin showed that the wave pattern formed by the transverse and divergent waves only depends on the ship speed V . Thus, Kelvin's wave pattern does not depend on the length L of a ship, or on the lateral separation distance S between the twin hulls of a catamaran, and therefore does not depend on the Froude numbers
where g is the acceleration of gravity and
denotes the nondimensional hull spacing of the catamaran. Kelvin's wave pattern is also independent of the hull shape, and indeed is the same for every ship (low-speed monohull ship, high-speed catamaran, submarine, hovercraft). Specifically, the Kelvin wave pattern only depends on the coordinates (X, Y ) g/ V 2 . This classical result is a consequence of Kelvin's highly-simplified model of a ship as a one-point wavemaker.
Numerous experimental observations and numerical computations (including computations reported further on in this study) show that the largest waves created by common displacement ships in fact are found in the vicinity of the cusp lines ψ = ±ψ K of the Kelvin wave pattern, in agreement with Kelvin's analysis. However, at high Froude numbers F K ≤ F with F K ≈ 0. 6 for monohull ships, it has long been observed, notably by Taylor [24] , Baker [2] , Munk [14] , Brown [1] , Reed [22] , Fang [8] , Rabaud [23] , that the largest waves created by a ship are found along ray angles that are inside the cusp lines ψ = ±ψ K of the Kelvin wake; i.e. the largest waves are found at an 'apparent wake angle' that is smaller than ψ K at high Froude numbers F K ≤ F. In particular, the 37 observations of ship wakes reported by Rabaud [23] for the wide range of Froude numbers 0. 1 < F < 1 . 7 include 12 observations for 0. 6 < F. These high-speed observations are consistently and significantly smaller than the Kelvin cusp angle ψ K ≈ 19 • 28 and are as small as 7
• . The Rabaud-Moisy observations of narrow ship wakes are considered further on.
Several theoretical explanations of the seemingly unexpected observations of 'narrow ship wakes' at high Froude numbers have been offered in the literature. In particular, a number of studies have shown that several effects not considered by Kelvin can significantly affect the far-field waves created by a ship. In particular, the influence of nonlinearities, ambient waves, wind, shear current, surface tension, and water depth is considered by Brown [1] , Fang [8] , Mei [15] , Zhu [25] , Pethiyagoda [21] , Ellingsen [7] , Moisy [16] . However, the fact that effects not considered in Kelvin's classical analysis can significantly modify the wake of a ship does not imply that the observations of narrow ship wakes reported in the literature are actually due to these extraneous effects. In fact, most of the foregoing studies of ship wakes are only remotely related to Kelvin's practical purpose of explaining the wave patterns created by common ships that advance at constant speed in calm water of large depth, and in fact do not explain observed narrow ship wakes. In particular, the foregoing studies do not seek to refine Kelvin's fundamental model of a ship as a one-point wavemaker.
Numerical computations, within the context of linear potential flow theory, of the far-field waves due to Gaussian distributions of pressure at the free surface by Darmon [6] , Dias [5] , Benzaquen [4] , Moisy [17] or distributions of sources over ship hull surfaces by Barnell [3] , Zhang [26] , He [9, 10] show that, at high Froude numbers, the largest waves created by surface-distributions of pressure or sources are found along ray angles that are located inside the cusp lines ψ = ±ψ K of the classical Kelvin wake. This numerical finding is consistent with the elementary analysis of constructive and destructive interference between the divergent waves created by a twopoint wavemaker -specifically, a point source and a point sink located at the bow and the stern of a monohull ship, or two point sources (or sinks) located at the bows (or sterns) of the twin hulls of a catamaran -considered by Noblesse (2014), and He [11] for deep water and by Zhu [29, 30] for shallow water.
Thus, the computations of waves due to surface distributions of pressure or sources reported by Darmon [6] , Dias [5] , Benzaquen [4] , Moisy [17] , Barnell [3] , Zhang [26] , He [9, 10] as well as the analysis of interference effects for a two-point wavemaker -an elementary approximation to a distribution of sources over a ship hull surface via a point source and a point sink for a monohull ship, or two point sources for a catamaran -given by Noblesse (2014), He [11] , Zhu [29, 30] suggest that the observations of narrow ship wakes reported in the literature most likely correspond to the rays where the largest divergent waves created by a highspeed ship are found. Indeed, Noblesse [20] , and He [11] contend that narrow ship wakes observed for high-speed ships are merely the unsurprising consequence of longitudinal interference between the divergent waves created by sources and sinks distributed over the bow and stern regions of a ship hull surface, and lateral interference between the divergent waves created by sources (or sinks) distributed over the port and starboard sides of a hull surface or the twin hulls of a catamaran. Wave interference -a main feature of the linear potential flow theory of ship waves -is then an extremely simple, indeed nearly trivial, explanation of the observations of narrow ship wakes reported in the literature.
Within the context of the linear potential flow theory considered here, the flow around a ship hull can be represented via a distribution of sources (and sinks) over the surface of the ship hull. A practical and realistic method for determining the ray angles that correspond to the largest waves created by a ship (for general ship hulls, including multihulls, and/or distributions of pressure at the free surface) is given by Zhang [26] . This method is based on the numerical de-termination of the peaks of the amplitude function associated with the Fourier-Kochin analytical representation of far-field ship waves. The amplitude function of the Fourier-Kochin representation of far-field waves is evaluated by Zhang [26] via the classical Hogner approximation given by Hogner [12] , Noblesse [19] , and Huang [13] .
This flow approximation is explicitly defined in terms of the speed and the length of a ship (the Froude number) and the hull shape via a distribution of sources with density n x equal to the x -component of the unit vector n ≡ ( n x , n y , n z ) normal to the hull surface. An important major consequence of this feature is that the far-field waves created by a ship (and the related wave drag of the ship) can be determined without having to compute the near-field flow around the ship hull, i.e. very simply, as well known and further considered by Noblesse [19] , Huang [13] , and Noblesse [18] . Indeed, the method considered by Zhang [26] only involves elementary numerical computations that can be performed simply and very efficiently. Moreover, the method can be applied to realistic ship hulls, including multihulls, of arbitrary shape, as by Zhang [26] and He [9, 10] , and can also be applied to general distributions of pressure over the free surface.
Numerical predictions of the sinkage, trim, and drag experienced by several ship hulls, and of wave profiles along the hulls (for a range of Froude numbers) based on the Hogner approximation are consistent with experimental measurements as well as numerical predictions given by the more accurate Neumann-Michell theory considered by Noblesse [19] , and Huang [13] . Moreover, Zhang [26] and He [9] show that the far-field waves predicted by the Hogner approximation or the Neumann-Michell theory for a monohull ship and a catamaran (at four Froude numbers) are nearly indistinguishable. Thus, the method based on the Hogner approximation used by Zhang [26] and He [9] is realistic, as well as practical.
This method is applied to a large number of monohull ships by Zhang [26] and catamarans by He [9] associated with a broad range of Froude numbers and broad ranges of main hull-shape parameters (beam/length, draft/length, beam/draft, waterline entrance angle) and -for catamarans -hull spacings. Computations of far-field waves, based on the practical numerical method given by Zhang [27] and the Hogner approximation, created by monohull ships and catamarans at several Froude numbers are reported by Zhang [28] and here. These computations of far-field waves supplement and confirm the numerical studies considered by Zhang [26] and He [9, 10] .
Largest waves and apparent wake angles due to wave interference

Analytical study of wave interference for two basic two-point wavemakers
Wave-interference effects associated with a sourcedistribution over a ship hull surface or a pressure-distribution over a free-surface patch can be largely understood via the analysis of two simple canonical cases: (i) longitudinal ( x) interference between the divergent waves created by a source located at a point (x, y) and a sink located at the point (x ± , y) of the free-surface plane z = 0, and (ii) lateral ( y) interference between the waves created by two sources (or sinks) located at two points (x, y ± s/ 2) . This analysis, considered by Noblesse [20] , shows that constructive interference between the divergent waves created by these two complementary basic two-point wavemakers yields largest waves along a series of ray angles ψ = ±ψ 
Here, the angles ψ ( 5 ) and ( 6 ), obtained by Noblesse [20] via an elementary analysis in the physical space can also be obtained (in a less direct way) via the determination of the peaks of the wave amplitude function associated with the Fourier-Kochin representation of the waves created by a twopoint wavemaker, in the manner used by Zhang [26] for a surface distribution of sources. The interference relations obtained by Noblesse [20] via a straightforward analysis in the physical space and the determination (in the Fourier space) of the largest waves created by a two-point wavemaker yield identical expressions for the dominant ray angles ψ ( 5 ) and ( 6 ), correctly account for the variations of the amplitudes of the divergent waves across the Kelvin wake −ψ K ≤ ψ ≤ ψ K , albeit for the simplified cases of two basic two-point wavemakers.
The waves generated by a monohull ship (a slender body) mainly consist of two dominant waves that are created by the ship bow and the ship stern, as well known. Constructive x interference between the dominant bow and stern waves created by a monohull ship therefore results in largest waves at an apparent wake angle approximately equal to the angle ψ x max given by ( 5 ) , where the distance between the effective origins of the bow and stern waves is taken as ≈ 0. 9 by Noblesse [20] . Similarly, the bows and the sterns of the twin hulls of a catamaran create two sets of dominant waves, and constructive y interference between the dominant twin bow waves (or the dominant twin stern waves) yields an apparent wake angle approximately equal to the angle ψ y max given in ( 6 ) , where s is the (nondimensional) separation distance between the twin bows (or sterns) as defined by ( 4 ) . The analytical relations ( 5 ) and ( 6 ) therefore provide particularly simple analytical estimates of the apparent wake angles of a monohull ship or a catamaran, as noted by Noblesse [20] . These simple estimates are shown by Zhang [26] , and He [9, 10] to be reasonable, although not very accurate (a distribution of sources over a ship hull surface cannot be accurately approximated as a two-point wavemaker).
The simple analytical relations ( 5 ) and ( 6 ) also provide useful basic insight into wave-interference effects for a general distribution of sources over a ship hull surface, or a pressure-distribution over a free-surface patch. Indeed, a source or pressure distribution involves a superposition of x and y interference effects among the waves created by the sources distributed over a ship hull surface or a free-surface patch. In particular, the Relations ( 5 ) and ( 6 ) show that the wake angles ψ 
Lateral interference effects therefore dominate longitudinal interference effects, and the apparent wake angle ψ max decreases like 1 /F, at sufficiently high Froude numbers. As noted by Zhang [26] , this basic analytical result provides a simple theoretical explanation for the conclusion that ψ max = O(1 /F ) in the high-speed limit F → ∞ obtained in a number of numerical studies, e.g. Darmon [6] , Benzaquen [4] , Moisy [17] , Zhang [26] , and He [9] . However, longitudinal interference between the waves created by sources distributed over the fore and aft regions of a ship hull can dominate lateral interference between the waves created by sources distributed over the port and starboard sides of the hull at low or moderate Froude numbers, as shown by Zhang [26] for monohull ships.
Numerical analysis of wave interference for monohull ships
Zhang [26] , and He [10] report systematic computations for seven simple (mathematically-defined) monohull ships at 10 Froude numbers within the range 0. 6 < F ≤ 1 . 5 . The seven ship hulls are characterized by the relatively broad ranges
of the main hull-shape parameters B/L, D/L, B/D and 2α. The computations considered by Zhang [26] show that the largest waves created by the seven monohull ships are found along ray angles ψ = ±ψ max that are only weakly influenced by the hull shape and therefore mostly depend on the Froude number F ≡ V/ √ gL . Specifically, Zhang [26] , and He [10] show that the apparent wake angle ψ max related to the largest waves is approximately given by the simple analytical relations Here, the angle ψ max is expressed in degrees. The Relations ( 9 )-( 11 ) are more accurate than the analytical approximation ψ max ≈ ψ x max given by Noblesse [20] , although differences between the apparent wake angles predicted by the elementary approximation ψ max ≈ ψ x max given in ( 5 ) with ≈ 0. 9 and the more accurate approximation given in ( 9 )-( 11 ) are not very large, and indeed do not exceed 1
• for 1 ≤ F. Most displacement ships correspond to the Kelvin 'lowspeed transverse -wave interference regime' F ≤ F K ≈ 0. 6 or the 'low-speed divergent -wave interference regime' F K ≤ F ≤ F X ≈ 0. 85 . These two 'low-speed' regimes are predominantly influenced by longitudinal interference between the transverse or divergent waves that are mostly generated by the fore and aft regions of a ship hull. However, lateral interference between the divergent waves created by sources or sinks distributed over the port and starboard sides of the ship hull is increasingly important in the 'high-speed regime' F X < F, and indeed is dominant in the 'very-high-speed regime'
although linear potential flow theory is not realistic in this regime.
Numerical analysis of wave interference for catamarans
Similar systematic computations are reported by He [9, 10] for catamarans. Specifically, systematic computations are considered by He [9] for 125 Froude numbers 0. 4 ≤ F s ≡ 
V/
, and seven simple (mathematically-defined) hulls that correspond to the relatively broad ranges
of the main hull-shape parameters B/L, D/L, B/D and 2α. The computations considered by He [9] show that the dominant waves created by the catamarans are found along ray angles ψ = ±ψ i and ψ = ±ψ o , with ψ i < ψ o ≤ ψ K , that are called 'inner' and 'outer' wake angles (and correspond to dominant peaks of the wave amplitude function in the Fourier-Kochin-Hogner representation of far-field ship waves). The dominant wake angles ψ i and ψ o are only weakly influenced by the hull shape, and therefore mostly depend on the Froude number F s and the hull spacing s.
Specifically, He [9, 10] show that the inner wake angle ψ i is approximately determined by the simple analytical
where the angles ψ i and ψ y max are expressed in degrees. The high-speed approximation ( 15 ) is identical to the analytical approximation ( 6 ) obtained by Noblesse [20] via an analysis of lateral interference for a basic two-point wavemaker. This approximation is then valid for The condition F i < F determines a class of wide and/or fast catamarans for which lateral interference effects between the twin hulls of the catamaran are dominant, and the inner wake angle ψ i closely agrees with the simple two-point wavemaker analysis given by Noblesse [20] . In particular, the relation ( 17 ) yields Similarly, the outer wake angle ψ o is approximately determined by the analytical relations
where the angles ψ o and ψ o * are also expressed in degrees.
Expression ( 15 ) for the inner wake angle ψ i does not involve the hull spacing s; and s only has a very minor influence in expression ( 19 ) For 'narrow slow catamarans', i.e. for small hull spacings s and small Froude numbers F s , large waves are found along both the outer and inner wake angles ±ψ o and ±ψ i . However, He [9] shows that the ratio r of the amplitudes of the dominant waves found along the inner and outer ray angles ψ = ±ψ i and ψ = ±ψ o increases as the Froude number F s increases and/or as the hull spacing s increases. The waves found along the outer wake angles ±ψ o are then small in comparison to the waves found along the inner wake angles ±ψ i for 'wide' and/or 'fast' catamarans. In particular, He [9] shows that the ratio r is mostly larger than five, i.e. the waves along the inner wake angles ±ψ i are bigger than five times the waves along the outer wake angles ±ψ o , for a catamaran with hull spacing 0. 2 ≤ s ≤ 0. 8 that satisfies the condition F 5 ≤ F with
The Froude number F i defined in ( 17 ) is smaller than the Froude number F 5 given in ( 21 ), i.e. one has F i < F 5 . The apparent wake angle of wide and/or fast catamarans that satisfy the condition F 5 ≤ F is then approximately given by ψ max ≈ ψ i , and moreover is well approximated by the simple analytical relation
As already noted, this approximation corresponds to dominant lateral interference between the waves created by the bows (or sterns) of the twin hulls of a catamaran. Thus, the elementary two-point wavemaker approximation ( 22 ) is realistic for a relatively broad range of wide and/or fast catamarans.
Zhang [26] and He [9, 10] show that the simple analytical relations ( 9 )- ( 11 ), ( 14 )- ( 16 ) and ( 18 )- ( 20 ) provide relatively accurate approximations to the wake angles ±ψ max , ±ψ i and ±ψ o where the waves created by a monohull ship or a catamaran are largest due to constructive wave-interference effects. These relations do not involve the hull shape, shown by Zhang [26] , and He [9, 10] to only have a weak influence on the wake angles ±ψ max , ±ψ i and ±ψ o . Indeed, these dominant wake angles, associated with wave-interference effects, are a largely kinematic feature of the waves created by a monohull ship or a catamaran. This general conclusion is further illustrated here via computations of far-field ship waves. Fig. 1 depicts the 37 observations of ship wakes reported by Rabaud [23] for the wide range of Froude numbers 0. 1 < F < 1 . 7 . The apparent wake angles for the twelve observations shown in the figure for the high Froude number range 0. 6 < F are consistently and significantly smaller than the Kelvin cusp angle ψ K , and include angles as small as 7
Rabaud-Moisy observations of ship wakes
• . Fig. 1 ( 11 ), ( 14 )- ( 16 ), ( 18 )- ( 20 ) . As previously explained, these wake angles correspond to the largest waves created by a monohull ship or a catamaran as a result of constructive wave-interference effects. The apparent wake angle ψ max of a monohull ship is shown as a pink solid line marked monohull in Fig. 1 . The two shaded regions in Fig. 1 ( 17 ) and ( 21 ) . The (nondimensional) wavelength λ max of the longest transverse waves created by a ship along its track is given by
as well known. If short waves with wavelengths λ ≤ λ max with 0 < ≤ 2/ 3 (24) are eliminated, no divergent waves can exist within the wedge
as shown by He [11] . The 'no-divergent-waves' wake angle ψ min ≈ 6 • 23 marked in Fig. 1 corresponds to = 0. 05 , i.e. to the assumption that waves shorter than 5% of the longest waves λ max are eliminated, e.g. due to the wavebreaking commonly observed at a ship bow wave as suggested by Zhu [31] . Fig. 1 shows that the wake angles ψ max , ψ i and ψ o associated with the largest waves created by a monohull ship or a catamaran as a result of constructive wave-interference effects are consistent with the observations of narrow Kelvin ship wakes reported by Rabaud [23] . Unfortunately, the ships that correspond to the wake observations reported by Rabaud [23] and in Fig. 1 are unknown. Thus, it is not known if the wake observations shown in Fig. 1 are due to monohull or multihull ships, or correspond to other types of fast vessels.
The comparison of the Rabaud-Moisy wake observations and the wake angles ψ max , ψ i and ψ o shown in Fig. 1 is then inconclusive, and numerical computations are useful, if not necessary, to illustrate and confirm the relations ( 9 )- ( 11 ), ( 14 )- ( 16 ), ( 18 )- ( 20 ) . Computations of far-field waves created by monohull ships and catamarans, based on the practical numerical method given by Zhang [27] and the Hogner approximation considered by Zhang [26] and He [9] , are then considered hereafter.
Waves created by monohull ships
Computations of far-field waves created by a family of six simple monohull ships are now considered. The six ship hulls are mathematically defined as
where the beam/length ratio b ≡ B/L, the waterline-shape parameter n and the draft/length ratio d ≡ D/L are chosen as listed in Table 1 . This Table also ( 7 ) and ( 8 ) .
Figs. 2 -5 depict the waves, computed via the Hogner approximation given by Huang [13] and the method expounded by Zhang [27] asalready noted, created by the six monohull ships defined by ( 26 ) and Table 1 at four Froude numbers F = 0. 58 , 0.68, 0.86, 1.58, for which the analytical relations ( 9 )-( 11 ) predict the apparent wake angles ψ max ≈ 19
• , 14
• . The free-surface elevation Z/L is depicted within the regions Fig . 2 for F = 0. 58 Fig . 3 for F = 0. 68 Fig . 4 for F = 0. 86 Fig . 5 for F = 1 . 58 of the free-surface plane (x, y) . Figs. 2 -5 also show the Kelvin cusp lines ψ = ±ψ K with origins at the bows (x = 0. 5 , y = 0) of the ships, and the rays ψ = ±ψ max that correspond to the apparent wake angles defined by the Relations ( 9 )-( 11 ) with origins at the bows (x = 0. 5 , y = 0) and the sterns (x = −0. 5 , y = 0) of the ships.
The source density n x is significantly different for the six hull forms considered in Figs. 2-5 . Accordingly, large differences can be observed, for each of the four Froude numbers considered in Figs. 2-5 , among Figs. [2] [3] [4] [5] show that, at a given Froude number F , the largest waves occur at ray angles that do not differ significantly for the six hulls. Thus, the figures confirm that the apparent wake angle ψ max where the largest waves are found is mostly a kinematic flow feature (only weakly influenced by the hull shape). Moreover, the largest waves in Figs. 2-5 occur approximately along the rays ψ = ±ψ max predicted by the analytical relations ( 9 )-( 11 ). In particular, Figs. 2-5 clearly show a narrowing of the apparent wake angle for increasing Froude numbers F that is consistent with the relations ( 9 )- ( 11 ) given by Zhang [26] and He [10] .
Waves created by catamarans
Computations of far-field waves created by a family of simple catamarans are now considered. The catamarans consist of two identical demi-hulls of length L, beam B and draft D, separated by a distance S. The X axis is located half way between the twin hulls of the catamaran. The demi-hulls are symmetric about the planes Y = ±S/ 2, and are mathematically defined as
Figs. 6 and 7 depict the waves, computed via the method given by Zhang [27] and the Hogner approximation given by Table 3 Main hull-shape parameters related to the three catamarans considered in Figs. 8 and 9 .
Huang [13] , created by the six catamarans defined in ( 27 ) and Table 2 , with hull spacing s = 0. 25 , at two Froude numbers F s = 1 or F s = 2. 5 . Moreover, Figs. 8 and 9 show the waves created by three catamarans, with demi-hulls defined by ( 27 ) and Table 3 Tables 2 and 3 show that the catamarans considered in Figs. 6-9 are characterized by the ( 18 )- ( 20 ) or ( 14 )- ( 16 ) . The bows (x = 0. 5 , y = ±s/ 2) of the twin hulls of the catamarans are taken as the origins of the rays ψ = ±ψ K , ψ = ±ψ o and ψ = ±ψ i . As already noted in relation to Figs. 2-5 for monohull ships, the source density n x is significantly different for the six hull forms considered in Figs. 6 and 7 . Accordingly, large differences can be observed in Fig. 6 for F s = 1 and in Fig. 7 for F s = 2. 5 among the amplitudes of the waves created by the six hulls. Indeed, different scales are used for different hulls in the color plots shown in Figs. 6 and 7 . However, these two figures show that, at a given Froude number F s , the largest waves occur at ray angles that do not differ significantly for the six hulls. Thus, the apparent wake angle where the largest waves are found is mostly a kinematic flow feature that is only weakly influenced by the hull shape, as also observed in Figs. 2-5 for monohull ships. Moreover, the largest waves in Figs. 6 and 7 occur approximately along the rays predicted by the Relations ( 14 )- ( 16 ) and ( 18 )- ( 20 ) given by He [9, 10] .
More precisely, Fig. 6 shows that, for the relatively small Froude number F s = 1 , the largest waves are found approximately along the Kelvin cusp lines ψ = ±ψ K . This result is consistent with the numerical analysis reported by He [9] . Indeed, this analysis shows that for a narrow and slow catamaran, as for the hull spacing s = 0. 25 and the Froude number F s = 1 considered in Fig. 6 , dominant waves are found along the outer wake angle ψ o . Moreover, the Froude number The far-field waves depicted in Figs. 8 and 9 illustrate and confirm the results of the systematic numerical analysis reported in He [9, 10] . In particular, Figs. 8 and 9 show that the largest waves created by wide and/or fast catamarans, i.e. for large hull spacings s and/or large Froude numbers F s , are found along the inner rays ψ = ±ψ i , in accordance with ( 21 ) . This relation yields F 5 ≈ 7 , 2.4, 1.6 for the hull spacings s = 0. 2, 0.35 and 0.5 considered in Figs. 8 and 9.
Conclusion
The far-field waves depicted in Figs. 2-5 and 6 -9 illustrate and supplement the results of the analysis of waveinterference effects on the Kelvin wakes of monohull ships and catamarans given by Zhang [26] , He [9, 10] , and Noblesse [20] .
Figs. 2-9 demonstrate that wave-interference effects have a large influence on the Kelvin wakes of monohull ships and catamarans. Indeed, these figures show that the apparent wake angle ψ max or the inner and outer wake angles ψ i and ψ o that correspond to the dominant waves created by a monohull ship or a catamaran can be significantly smaller than the Kelvin angle ψ K , even for moderately large values of the Froude numbers F or F s .
Figs. 2-5 for monohull ships and Figs. 6 and 7 for catamarans illustrate the well-known fact that the amplitudes of the waves created by a ship strongly depend on the ship hull geometry. These figures also illustrate the lesser-known fact that the dominant waves created by a ship are found along ray angles that are only weakly influenced by the hull shape.
Thus, a wide ship creates bigger waves than a thin ship, but the ray angles ψ = ±ψ max where the dominant waves created by the wide and thin ships are found do not differ much. The dominant-waves ray angles ψ max , ψ i and ψ o are then mostly a kinematic feature (weakly influenced by the hull shape) of the flow around a ship hull. This kinematic flow feature is a main general conclusion that can be drawn from the computations of far-field waves reported here, and from the systematic numerical analysis reported by Zhang [26] , and He [9, 10] .
An important practical consequence of the just-noted feature is that the apparent wake angle of a general monohull ship or catamaran (with arbitrary hull shapes) can be estimated, without computations, via the simple analytical relations obtained by Zhang [26] , and He [9] . Specifically, the apparent wake angle ψ max of a monohull ship is explicitly determined in terms of the Froude number F by means of the Relations ( 9 )- ( 11 ), and the inner and outer wake angles ψ i and ψ o of a catamaran are determined in terms of the Froude number F s and the hull spacing s by means of the Relations ( 14 )- ( 16 ) and ( 18 )- ( 20 ) .
The numerical studies considered by Zhang [26] , and He [9, 10] suggest that the simple analytical approximations ( 9 )- ( 11 ), ( 14 )- ( 16 ) and ( 18 )- ( 20 ) are relatively accurate. The computations of far-field ship waves reported by Zhang [28] and here provide further verification of these simple relations for the dominant ray angles of the Kelvin wakes of monohull ships and catamarans. Indeed, the ray angles predicted by the analytical relations ( 9 )- ( 11 ) In particular, these figures confirm that at low Froude numbers F or F s , the largest waves are found near the Kelvin cusp angle ψ K , as stated in the low-speed relations ( 9, 14 ) and ( 18 ) . Moreover, Figs. 6-9 confirm that the apparent wake angle ψ max of wide and/or fast catamarans, i.e. for large Froude numbers F s and/or large hull spacings s, is approximately given by ψ max ≈ ψ i and is well approximated by the simple analytical relation ( 22 ) obtained by Noblesse [20] via an elementary two-point wavemaker analysis of lateral interference between the dominant waves created by the bows (or sterns) of the twin hulls of a catamaran. Thus, the apparent wake angle ψ max is determined in terms of the Froude numbers F or F s , i.e. one has ψ max (F ) or ψ max ( F s ) , for monohull ships or for wide and/or fast catamarans. For narrow slow catamarans, i.e. for small hull spacings s ≡ S/L and (relatively) small Froude numbers F s , wave-interference effects are more complicated, and the dominant waves are found at ray angles that depend on both the Froude number F s and the hull-separation distance s, as specified by ( 14 )- ( 16 ) and ( 18 )- ( 20 ) .
The analysis of wave-interference effects considered by Zhang [26] , He [9] , and Noblesse [20] and here is based on the linear potential flow theory. The influence of wavebreaking is evidently ignored in this analysis. However, the elementary considerations given by Zhu [31] suggest that wavebreaking can be expected to have considerable effects on the Kelvin wake of a ship. Specifically, Zhu [31] shows that no divergent waves can be found inside a wedge | ψ| < ψ min due to wavebreaking, and that the 'no-waves-wake' angle ψ min may not be small compared to the Kelvin angle ψ K as illustrated in Fig. 1 
